Kinetic theory
and transport equation
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Kinetic theory

= Find the distribution function of energetic

particles '
f(r,p,t)drdp

= Liouville equation for the total phase space
density, D(r,py,...Iy,py)dr;...drydp,...dpy

dD .
+ Ven - ( D‘V(,N) — 0 phase space density

ot conservation
D SN[. a» . D
) . izll’i', tpi-—| =0
r and p are ot ~ ()r,' dpi

conjugate variables
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Kinetic theory
= Distribution functions f(r,p,t)drdp
1 particle f[ (l', p,t) = N/ fDdl‘gdpz e dl“.\rdp,\r

2 particles  f12(r1, p1ira, pait) = N(N — 1)/@dl‘3dp3---dl§vde

x BBGKY hierarchy... - /Xlz'(Vplflz)drzdpz
of ) f ) f /
g*“"l '(,‘i*i*xl i =C(/12)
ot or| & dpi
force felt by particle 1
: ) f i o df
= Vlasov equation i F 1y i F (X H X’l)i =0
(collisionless: long- ot orj ! o of

distance interactions) . o
includes contribution of
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= Separation of energetic particles
and plasma:

& energetic particles considered as a

The use of kinetic theory

distinct class of particles, with their f(r,p,t)drdp

own distribution function,
interacting with an “external”
medium: the interstellar plasma

¢ The underlying plasma holds NB: the influence of
stochastic, inhomogeneous energetic particles on the
magnetic fields (turbulence, plasma must be negligible
waves...)
df -1 ﬂ»% 1(E4+pxB)- of =0
ot or Jap
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Jf 0
q(E+va)-a£ ¢(v—u) x B]- (g
_ _B. [q(v u)x%] = _B.Df
df df
— — —B- D 0
ot +r or f

= Average over magnetic fields

f e BT D
Vv B() » Df — l)u.T(,t[-}Dﬁf
ot ()l'

where 7,;(r,v) :/ dtTp(r:(v—u)t)
Jo

3 1s the correlation tensor of the
stochastic magnetic field
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The diffusive approximation

= Develop to first order in spherical expansion

. 1 3
f(r,p,t) =— [N(r.p.t) + —,V-J(r,p,t)]
47 e
/ !
isotropic part current (dipolar term)
diffusion tensor
N pIN
Jo = ~AapVpN — Ty

3dp

dN OoN  pdu,,dN i, dN

FUy— — Xap

Transport equation: | — : — '
ot ry 30ry d p org ()I’[«;
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Derivation of the shock
acceleration spectrum from
the transport equation




Just solve the kinetic equation

Shock rest frame

N N ON  piu,oN 0 ON &

—tUgT— — - N |

ot “ore 3oraop  ora”Porg Ny, P Ty ; np,p, T,

l «— <
vy | \

dN dN poudN d oN '

—tu——= = —A~ |

ot dx 3dxap (')..\'/ 0x >
x <0 x>0 X
U= un U=u,

s Both upstream and downstream, under the steady state assumption:

dN d dJN N(x.p) = A(p) + B(p) [ X ; ,]
U——— = Y~ > xX,p) =A(p)+Db(p)exp / , X
ox ().\‘/ 0x l l Jo x(X'sp)

integration constants
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) =)+ B | [

= Downstream: constant particle density

The diffusion coefficient can be anything, but it is >0 !

- N(.’C,])) - N()([)) . x> 0.

s Upstream: increase of particle density from infinity
up to the shock front:

A(p) =N(—,p) = Nil(p)

i

xX1(xX',p)

N(x,p) = Nin(p) + [No(p) — Nin(p)] exp [L\ dr'] . x<0
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= Integrate the transport equation across the discontinuity

oN  oN poudN o9 JIN

U—— ———

—} T
ot ox 3dxdp (').xX 0x

A_x — 0 - —"
o §(x)
(')Nz (')N] Uy — U oN
Yo ——— A 1—— = p— atx=90
dx 0X 3 ap
l N (jump condition for
estimated at x = 0- estimated at x = 0* the distribution function)

s Link between far-upstream and far-downstream

distribution functions gy 3y
~ou — —, (jvin Nuul)
dlnp r—1
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Shock acceleration spectrum

s Final result:

3r [P |
Now(p) = r_' L dp'Nin(p')p" " wherey = —

m Particles of incoming energy p’ are redistributed
over a power-law spectrum of index y, which is
equal to 4 when r = 4 (strong shock)

» Ex.: monoenergetic injection: Ni(p') = po “Nod(p' — po)

~dn dndp dp o ]& £ '
NE) =g~ dpag ~ag P NWp) = N(E) =1 ”En (E(,>

X
dn = f(r,p,t) x 4np*dp = p*N(r, p,t)dp r+2
where | X = 1

J
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Some limitations

Injection of particles?
Isotropy on both sides of the shock?

Stationarity?
(astrophysical objects have finite ages!)

Infinite plane shock wave?
(astrophysical objects have finite sizes!)
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Some comments on hew
aspects of shock acceleration
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The problem of injection

= Particles must see the shock as a discontinuity
(typically a few gyroradii of the thermal protons)
¢ Thermal pool — OK
& But what about electrons?

= Need for injection

¢ Internally relativistic plasma (e.g. at the creation of a
beam plasma, some dynamo in hot accretion disc
models...)

¢ Or two-step process: DC fields, acceleration of protons
— pions — electrons above 100 MeV, magnetic field

lines reconnection, etc.
s Determines the efficiency of shock acceleration
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Non-linear shock acceleration

r+2

N(E)E « E™*dE  with x-

r—1

s Modification of the shock structure

upstream

e Adiabatic index: y = 5/3t04/3 = r—=4to7 =Xx<2

e Effective compression ratio LogN(E) |
higher for higher energy
=> hardening of the spectrum

Log E
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Non linear scheme

Compression ratio depends on adiabatic index

But adiabatic index depends on the number of high
energy particles: must be set self-consistently

Moreover, if r > 4, x < 2: energy dominated by highest
energy: infinite if no cutoftf!

— must be an E but then leakage of significant
energy!

— not an adiabatic shock anymore: radiation losses,
and thus higher compression ratio!

— fully non-linear situation!

max’
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Enox: When is the game over?

= Energy losses - W
¢ Friction with ambient medium
& Synchrotron, IC
& Pair production
& photo-nt

s Escape

¢ Keep the particle in
the accelerator

+ Diffusion, gyroradius

s Destruction
¢ Photo-disintegration
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Keep the ball in court!

= Confine the particle within the site: r,= E/ZeBc <L
& in fact, diffusion-advection at the shock implies:

E...,=ZexV ., xBxL

— NPAC / Rayons cosmiques / E. Parizot (APC) —



Acceleration at relativistic shock

= Same principle: acceleration by change-of-frame

—
*—»
Shocked ;i | j
medium > ISM, IGM...
e
[ =T/2 v, =c/3

s For the upstream medium, the downstream
medium approaches with Lorentz factor I,

¢ Energy gain ~ factor I

s For the downstream medium, the upstream
medium approaches with Lorentz factor I,

¢ Energy gain ~ an other factor I,
m Finally, E/E. ~T'\% ~ FSQ ~ 106 Il 10%V — 105 eV— 102! eV !
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Relativistic shock kinematics

L
Ei

= Frz(l — B, cos H%d)(1+ f.cosf_ ) = %

= Problem: in (ultra-)relativistic shocks, the CR
distribution is VERY anisotropic
¢ = cos 0_4and cos 0'_,, do not average to ~ zero

vV, =c¢/3
Downstream — e<s— — cos0',,>1/3

rest frame V ~C

(=0, <IT))

It’s not so easy to overtake the shock, even when one goes at velocity ~ ¢
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E E,

—L —T%(1-B,cos 6., )(1+ f.cosf_ ) =—
Upstream
rest frame

V,~C
— » V// <C
&—> e
Ve |
0_4<1/T 1<T0_ ;<2< -1/3<cosb'_,<1/3

Because the shock is ultra-relativistic (I',), as soon as the particle has been
deflected a little, it is overtaken by the shock...

= Energy gain through the up-down change of frame:

%—r(1 B.cosb_,)=T r[1—‘/1-1/rfx(1—1/2rj)]z—

= energy loss !
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Conclusion

The I'? acceleration works only for the first crossing
cycle

Afterwards, it fails for simple kinematics reasons
¢ E/E ~ 210 3, depending on the diffusion process

But it is still very efficient (>> standard shock acc.)
o Ex withx=(1+Vv13)/2~2.3

Confirmations by numerical simulations and refined
Monte-Carlo analysis...
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One-cycle boost of 6CRs

= Galactic cosmic rays up to the knee: 101> eV

m First cycle across an ultra-relativistic shock
(GRB...): E'= ExI'? — 1021 eV, if I" ~ 1000.

s Energetically, this works on extra-galactic scale
if a reasonable part of the GCRs go through such
a shock

s Binary millisecond pulsar systems
(PSR 1913+16, 1534+12, 2127+11C: typical GRB progenitors?)

¢ lons with the bulk Lorentz factor of the pulsar wind
reach E__, ~Z x 100x T'; x E;; eV

¢ Power law spectrum N o« E-2 from Zx3.108 eV to E,__
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Summary

Charged particle interaction with magnetic field
can lead to particle acceleration

Fermi’s original idea: transfer energy from
macroscopic magnetized structures to individual
particles

These can finally not be “magnetic clouds”, but
waves and shocks are OK

Power-laws are naturally produced, and in shock
acceleration, the power-law is universal (only
depends on shock ratio), with a slope of 2

Things get more complicated when one goes
into the details...
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