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Introduction:

The swampland program



The swampland program

theory space

How do we define this boundary?

Landscape: Set of EFTs consistent with UV completion in quantum gravity
Swampland: Set of EFTs inconsistent with UV completion in quantum gravity

String theory provides a large number of consistent vacua, with different sets of
low-energy laws of physics. But it does not completely populate the space of
all possible EFTs.



The swampland program

How to find the boundary of the landscape?
1. Observe examples in string theory and make conjectures
e Example: Weak Gravity Conjecture Arkani-Hamed et al. [hep-th/0601001]

2. Prove bounds from infrared physics principles

e Unitarity

e Causality

e Analyticity

e Examples:
e Einstein-Maxwell theory cheung, GNR [1407.7865]
* Higher-curvature gravity (R? R* terms) 2o "L e om0
 Massive gravity cheung, GNR [1601.04068]

4 .
e (0¢9)" and F* couplings Adams et al. [hep-th/0602178]




Introduction: The Weak Gravity Conjecture

e An ultraviolet consistency condition for quantum gravity.

e Statement: For any U (1) gauge theory coupled consistently with quantum
gravity, there must exist in the spectrum a state with charge ¢ and mass m
such that

q 1

_>_
m mpi

* Thus, “gravity is the weakest force”.

07 ™M Original justification: Arkani-Hamed et al. [hep-th/0601001]
®q, M A black hole of charge () and mass M
can only decay into states satisfying

P‘Q7m i>g
m M
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Extremal BH decay — WGC
®4q,m

Why BH decay? BH remnant pathologies



Thermodynamics

thought experiment




Comparing systems

Consider two systems:

~

7

same
macrostate




Comparing systems

Consider two systems:

System without System with
extra microstates extra microstates

U
p)

Entropy:

System with extra modes has greater entropy:




Black hole entropy comparison

We can compute the black hole’s entropy in two situations:

Theory £ without Theory £ = £ + AL with
higher-derivative terms higher-derivative terms

Present in theory in UV:
Massive states that generated higher-curvature terms

Integrated out to generate EFT

Compare entropy in the two theories:

AS=S-8>0



Black hole entropy comparison

We can compute the black hole’s entropy in two situations:

Pure Einstein-Maxwell theory

Area A dictated by Einstein equation

Entropy S = A/4G

IR EFT

Area A = A + AA dictated by higher-
derivative-corrected Einstein equation

Entropy given by Wald’s formula:

oL
S = —27’(‘/ €€ po
H 6R,LLV/OO' Heer




Einstein-Maxwell effective action

Pure Einstein-Maxwell theory IR EFT
f— L Rr_1p, P L=L+AL
- 2k2 4= " =LAt

Other types of terms that we can drop:

e All terms involving V,F,.., since the Bianchi identities allow
us to write these in terms of V, F'*¥ = 0 and terms already
iIncluded

* Dimension-independent total derivatives



Einstein-Maxwell effective action

Pure Einstein-Maxwell theory IR EFT
f— L Rr_1p, P L=L+AL
- 2k2 4= " =LAt

We will prove a positivity bound on a combination of the c¢;.

We’ll then demonstrate, surprisingly, that this bound precisely implies the
Weak Gravity Conjecture.



Proof of AS > (



Assumptions

For the purposes of this proof, we assume:

1.

There exist quantum fields ¢ at a mass scale m satisfying

me <A,
where A is the scale at which QFT breaks down.
In general, A can be much smaller than the Planck scale.




Assumptions

For the purposes of this proof, we assume:

1.

There exist quantum fields ¢ at a mass scale m satisfying
My K A,

where A is the scale at which QFT breaks down.

In general, A can be much smaller than the Planck scale.

The fields ¢ couple to photons and gravitons so that the higher-
dimension operators are generated at tree level, e.g., ~ ¢R, ¢F”
SO: ¢; o 1 /%n; > 1 /TAQ

QFT effect Quantum gravity “slop”
Couplings like this are common in string theory: dilaton and moduli are
massless in supersymmetric limit, and acquire masses if SUSY is
broken.

We will consider black holes with charge large enough that the specific
heat is positive. As we’ll see, this will be necessary for our Euclidean
path integral argument.



Euclidean path integral

Positively charged black hole, charge ) and mass M, spacetime dimension D

Perturbed metric ¢,, = g, + Ag,, computed from
perturbed Lagrangian £ = £ + AL

Inverse temperature of perturbed BH,
B=0uS=pF+ApB
defines periodicity in Euclidean time for the Euclidean path integral,

e—ﬁF(ﬂ) — Z(ﬂ) _ /d[g]d[ﬁ] e—I[g,A]

where
I =1 + Al is the Euclidean action
(spacetime integral of Wick-rotated Lagrangian)
F(5) is the free energy
g, A are integration variables for the metric and gauge field



Euclidean path integral

Positively charged black hole, charge ) and mass M, spacetime dimension D

Perturbed metric ¢,, = g, + Ag,, computed from
perturbed Lagrangian £ = £ + AL

Ultraviolet completion: introduce integration variable qb for the heavy fields
that are integrated out when we go from UV to IR:

[ dalaida e = [ aggiaiiye o

We define the vev of ¢ to be zero in flat space.

For the on-shell black hole in the £ theory, ¢ # 0, since equations of
motion dictate ¢ ~ R, F”



Going off shell

We can evaluate the Euclidean action at any field configuration we wish,
including one that does not satisfy the classical equations of motion.

In particular, let’s evaluate Iyv at ¢ = 0, which turns off all the higher-
dimension operators in AL, so we have the simple mathematical fact:

—~

IUV[.g)A)O] — I[gaﬁ]
where T is the Euclidean action for pure Einstein-Maxwell theory.

This observation will allow us to compare the two black hole entropies in
L and L via an argument that only involves working in a single theory.



Free energy inequality

Putting our thermodynamic argument together, we have the string of
(in)equalities relating the free energies of an Einstein-Maxwell and perturbed
Reissner-Nordstrom black hole at the same temperature:

—log Z(B) = Iuv|gs, As, 93] «— by saddle-point approximation
where gg, Ag, 93 are the solutions
to classical EoM in UV theory, with
periodicity 3



Free energy inequality

Putting our thermodynamic argument together, we have the string of
(in)equalities relating the free energies of an Einstein-Maxwell and perturbed
Reissner-Nordstrom black hole at the same temperature:

—log Z(B) = Iuv|gs, As, 93] «— by saddle-point approximation

< Iuyv|gs, A3,0] «— if the extremum is a local minimum
(will discuss shortly)



Free energy inequality

Putting our thermodynamic argument together, we have the string of
(in)equalities relating the free energies of an Einstein-Maxwell and perturbed
Reissner-Nordstrom black hole at the same temperature:

—log Z(B) = Iuv|gs, As, 93] «— by saddle-point approximation

< Iuyv|gs, A3,0] «— if the extremum is a local minimum

= 7[55, Z[g] <— by the off-shell relation we found
previously, relating Iy and I



Free energy inequality

Putting our thermodynamic argument together, we have the string of
(in)equalities relating the free energies of an Einstein-Maxwell and perturbed
Reissner-Nordstrom black hole at the same temperature:

—log Z(8) = Iuv|gs, As, p3] «— by saddle-point approximation
< Iuv|9s, A45,0] «— if the extremum is a local minimum
= T[gﬁ, Zﬁ] <«— by the off-shell relation

= —log Z(B) <«— by saddle-point approximation, again

Now, log 7 (8) does not correspond to the free energy of a pure Reissner-
Nordstrém black hole of mass M, since 0 is the perturbed inverse
temperature (£ (). To account for this, we have

log Z(8) = log Z() + ABO;1log Z(B)

—log Z(B) — My AS +— using M = —951log Z(B)
and AB = 0y AS



Free energy inequality

log Z(8) =log Z(B) — MOy AS

By the definition of free energy in the canonical ensemble,
logZ(B)=8—6M = (1 — MO0oy)S
log Z(8) = S — BM = (1 — Mn)S

Using the above expressions and reshuffling terms, our inequality
—log Z(B) < —log Z(p)

i.e., F(0) < ﬁ(ﬁ), becomes



Minimization of the Euclidean action

We needed the saddle point, corresponding to the classical solution, to
be a local minimum. Equivalently, we needed the Euclidean action to be
stable under small off-shell perturbations.

What about conformal saddle-point instabilities? These have been shown
to be gauge artifacts. Gibbons, Hawking, Perry (1978); Gibbons, Perry (1978)

The Euclidean Schwarzschild black hole is known to have a bona fide
instability_ Gross, Perry, Yaffe (1982)

However, this instability is always connected with negative specific heat.
Prestidge [hep-th/9907163]; Reall [hep-th/0104071]; Monteiro, Santos [0812.1767]

For large enough charge, the specific heat of the black hole is positive.

In D = 4, this requires ¢q/m > v/3/2 in natural units. Hereafter, we’ll focus
on black holes where this is satisfied.



Example UV completion

Let’s see how this works in a particular example:
Higher-dimension operators completed by a massive scalar field ¢

Euclidean action for the UV completion:

1

IUV[Q,A,¢] :/de\/—[_Q_KzR+4FWFW

1 1
+ (CER+ bk Fu ™) ¢+ SV ,0V" 6 + Smie?

Equation of motion for ¢:

¢ =

Low-energy effective theory:

Ilg, A] = /d%\f

1 CL¢ U
VQ—mé (RR—I—bgb/ﬁ:Fm/F:“ )
1 1 1 a
R4 IF, FM _ ( YR 4 byrF,, F*
212 +4 H 2m?b K t Oty

!




Example UV completion

Euclidean action for the UV completion:

1
IUv[g,A,QﬂZ/dDQT\/—[——R—FZLFMVF’LW

2K2
s v 1 P
+ (;R + bykF, F* ) 6+ 5 ViV 6+ Smie
Low-energy effective theory'

1 1 a 2
Ilg. Al = [ aP R4+ -F, FM _ ( e r ,,FW)
9. 4] / 9 [ 2/4:2R MR 2m3 \ K Bt borkl

Off-shell UV action:
1

IUv[g,A,O] — /dD:I;\/_ [_2_/§;2R+ 4FMVF'MV] :j/[g,A]

Thus, we have




Unitarity and monotonicity

* In the explicit example, signs of the couplings depended on the absence
of ghosts or tachyons in the UV completion, so AS > 0 is connected with
unitarity. Connections with other IR consistency bounds on couplings
derived from unitarity and analyticity?

* Connection with monotonicity theorems for RG flows: If spectrum is
hierarchical, we can apply our logic for AS > 0 to each mass threshold,

one at a time. Then:
IR
AS = / dS

Uuv

where dS > 0 for each state.

* Conjecture: Differential entropy shift may continue to be positive at the
quantum (i.e., loop) level, giving us a monotonic function along RG flow.



Classical vs. quantum




Leading contributions

Let’s define some rescaled couplings for convenience:

2 9
di23=K"C123, dias6 = Ca5.6, d7s =K “cr13

Example tree-level completion:
Scalar ¢ couples to curvature and gauge field as ~ ¢R/k, ~ kO F*

Contributions to higher dimension operators:

o Treelevel: §(d;) ~ Lz from the propagator
m
¢

 Loop level:

D—-2

* Renormalization of Newton’s constant: (k%) ~ m 5

* Loop-level completions of the gravitational higher-dimension
operators: §(d;) ~ szg_él



Leading contributions

Let’s define some rescaled couplings for convenience:

2 9
di23=K"C123, dias6 = Ca5.6, d7s =K “cr13

Example tree-level completion:
Scalar ¢ couples to curvature and gauge field as ~ ¢R/k, ~ kO F*

Contributions to higher dimension operators:

o Treelevel: §(d;) ~ LZ from the propagator
m
¢

 Loop level:

* Gauge interactions contribute similarly, but enhanced by the charge-
to-mass ratio of the fundamental charged particles.

e |f these particles satisfy the WGC, we’re already done, so let’s
conservatively assume the particles fail or marginally satisfy the
WGC.



Region of interest

Estimating the sizes of the entropy corrections for a black hole:

,OD_2 pD—4
S~ —4p"my P+ " ) T+ 5+
K K=
A A A A(b

Bekenstein-Hawking entropy —

Loop correction to G

Loop contribution to AL

Tree contribution to AL



Region of interest

Estimating the sizes of the entropy corrections for a black hole:

D=2 D4 D-a p°71

S~ P +pD_2m§_2+p my >
Iim(b

K2

Tree contribution to AL (4th term) dominates over all guantum (i.e., loop)
corrections (2nd and 3rd terms), provided:

1

D/2
/ﬁzmqs

p <K

This is consistent with the regime of validity of the EFT, p > 1/my, since
we take m, < mp;. We will therefore consider black holes in this size
range.



Black hole spacetime




The black hole system

Macrostate: Charged black hole in D = 4 spacetime dimensions with
charge () and mass M measured at spatial infinity

Komar formalism:

Q=- / d”*Qp_o/An, V FH
20

D -3
KZM:/ dD_ZQD_QﬁnMO-VV'uKV
D - 2 ,l:O
. . k2 M
Convenient units: m =
ST
_ KQ
! 4/ 27
k2 = 871G

0 — extremal
1 = uncharged
1

/2 = q/m = V/3/2

3|3
N
N In Iy



Unperturbed solution

The Reissner-Nordstrom black hole:

outer horizon

Static, spherically-symmetric metric: Outer (event) horizon:
ds? = g datda? = — f(r)dt? ﬁdfr2 + r2dQ? r=7
Unperturbed compon;;:ts (D2 — 4): p=m+m2— g2
fr) =g =1-="+= =m(1+¢)
Field strength: Extremality condition:
FoC gtnar L <1

A7rr? m



Perturbed charged black hole metric

Need to calculate the change in area of the black hole of fixed @), M
due to the higher-dimension operators  Kats, Motl, Padi [hep-th/0606100]

From definition of Ricci tensor and spherically-symmetric metric:

2M 1 +o00 t _ pr '
g(fr):l—/{& ——/ drr2<Rt RT—RZi)

4r r 2

) =gryew | [ dar S (® - 1)

g(r)

Inputting Einstein equation,

1 2 5 vV Lma
R,uu — §Rg/u/ — /‘32T/1,1/7 T,uy — = ( J t)

V=g  ogt

can rewrite as




The corrected energy-momentum tensor

For now, focus on computing the radial metric component ¢
Need to find the corrected energy T*,

Background:

~ 2 0(v/—9Lma 1 -
TIM/:_ ( t) :FIJIPFVP—ZQNVFPUFP

Treat higher-dimension operators as perturbation to background
energy-momentum tensor

ATy, = AT + AT

N

Contribution from g, Contribution from A,
equation of motion equation of motion
(correction to Einstein’s equations) (correction to Maxwell’s equations)



The corrected energy-momentum tensor

Metric part of corrected energy-momentum:

AT() 2 (y=gAL)
[V \/jg 59“”
= ¢ (9uwR*—4RR,, +4V,V,R — 4g,,0R)
+ ¢ (gWRpaRp" +4V,V,R P —20R,, — g R — 4RMPRP,,)
+¢3 (g Rapys R — AR,05,R,*"" — 80R,, + 4V, VR
+8R," Ry — 8R*’ Ryuaup)
+ ¢4 (g RFpo F*7 — ARF,PF,,, — 2F o F*° Ry, 4+ 2V, V, Fo FP7 — 29, 0(F,e F77))

405 |G R Fap Fy? = ARy Fyyp PP = 2R Fyyy Fgy — gV Vs (F%, F77)
—|—2VQV,,(F“5FO‘B) - D(FupFup)]

+ 6 [gu R FpFop — 6F o, FPYR®, 5 — AV gV o (F* FF))]

+ 7 [guFapF P FysF7° — 8F, g F*’F, *F,,|

+cs (g Fap PPV Fys F°* — 8F, F*P Fg F7))

To linear order in ¢;, input background Reissner-Nordstrom solution



The corrected energy-momentum tensor

Corrected Maxwell’s equations:

V,FM = 4cyV, (RFM)
+2¢5V, (RFPE,Y — RVPEH)
+4cgVy (R Fyy)
+ 8¢y V (FM F,. F*7)

+ 8¢V, (FHPF, FV7)
V(AR

Gauge field part of corrected energy-momentum:

1
F o
AT) = F,,AF,? + F,?AF,, — 5 9uvEpo AF?

To linear order in ¢;, input background Reissner-Nordstrom solution



Perturbed solution

e (General form of the metric:

1
ds® = g, datdz” = —f(r)dt® + ﬁdTQ + r2dQ?
g(r

* Putting everything together, we can compute the correction to the rr component:

! \
—(da + 4d3)(6¢* — 15mr + 10r?)
2m q®  q° i 4
g(r)y=1- — + o ¢ +8d4(3q* — Tmr + 4r?) + gd5(11q2 — 25mr + 157%) ¢
4 8
—|—gd6(16q2 — 35mr + 20r?) + g(2d7 + dg)q?
\ /

e fand g are required to have the same zeros, since otherwise there would be
a non-Lorentzian spacetime region. Can confirm this via direct calculation.



Wald entropy formula

Wald entropy for black hole in IR EFT, for a spherically symmetric spacetime:

Binormal to the horizon:

Expand in perturbations:
* Horizon radius: p = p+ Ap
e Area: A=4mp’=A+ AA

 Lagrangian: L = L+ AL



Wald entropy formula

Wald entropy for black hole in IR EFT, for a spherically symmetric spacetime:

0L

€ €
5 uvCpo
]z,uz/pcr

S=-27A

Juv,TH

Expand the entropy:




Wald entropy formula

Wald entropy for black hole in IR EFT, for a spherically symmetric spacetime:

0L

€ €
5 uvCpo
]zuvpa

S=-27A

duv,TH

Expand the entropy:

S =-2r

-~ SAL 5L
ji Z§f4 e vipo
+ R + SRy =+ ) Cuv€p

Juv, P

5L 1 NS
5 =53 g""g"° (symmetrization implied)
uvpo

~

Since ¢, € = —2, yields background S = 2_772 _ A4
K2 4G



Wald entropy formula

Wald entropy for black hole in IR EFT, for a spherically symmetric spacetime:

0L

€ €
5 uvCpo
]zuypa

S=-27A

Juv,TH

Expand the entropy:

S = 27 (j 0L

~

_|_AA 5£ _I_..->€/JJ/GPO_

_I_

5}%Mypg 5}%uupa

Juv, P

“Interaction” contribution:

~

AS=5—-5=A5+ASy



Wald entropy formula

Wald entropy for black hole in IR EFT, for a spherically symmetric spacetime:

0L

€ €
5 uvCpo
]z,uz/pa

S=-27A

Juv,TH

_|_ .« o ) ejJ,l/epO'

Expand the entropy:

~ 5L ~ SA
S—27T<A 0L + A OAL +

0R . po OR . po

Juv, P

“Horizon” contribution:

~

AS=5—-5=A5+ASy



Interaction contribution

Variation of the action with respect to the Riemann tensor:

0AL
OR . po

=  2¢1Rg"P¢"° + 2coRMPgY7 + 2¢3 RHVPC
— C4Fa5FO‘Bg“ng + cs F'H_FPYg"7 + cg FHYFP?
(anti)symmetrization implied

Inputting our unperturbed background to compute AS; to O(c;), we have:

2

AS; = S
] S

- [8d3 — 2(1 — €)(d2 + 6d3 + 2d4 + d5 + 2ds)]

written in terms of the rescaled coefficients



Horizon contribution

Expand metric as g(r) = g(r) + Ag(r) and horizon radius p = p+ Ap

Enforce horizon condition to compute horizon shift:

0= g(p) = 55) + Ag(P) + Apdsg(p) = Ap— -9

959(p)

Shift in the horizon area:

- 5A
AA=A— A=sniiy=_mPag(p)
959(p)

Inputting our unperturbed background to compute ASy to O(c;), we have:

4(1 - ¢)
b5m2&(1 4 €)

ASy = S X [(1+4€)(do + 4d3 + d5 + dg) + 106ds + 2(1 — €)(2d7 + ds)]



Near-extremal limit

Note that ASy diverges in the strict £ — 0 limit
Physical origin: inner and outer horizons degenerate, so dg(p)/0p = 0

How small can we consistently take £ ?

|d;|

m?2

* Demanding AS « S = E>
* Can make this bound arbitrarily small by making BH arbitrarily large

e But recall that for wave function renormalization to be subdominant, we
required: |

p < —
/im¢

1
e Since d; ~ Y the bound on & becomes
@

£ > kPmj

which can be made parametrically small for weakly coupled theories (my < mp)



Near-extremal limit

Note that ASy diverges in the strict £ — 0 limit
Physical origin: inner and outer horizons degenerate, so dg(p)/0p =0
Further test: What about the temperature?

* We've checked that s = 9,,5 for the perturbed black hole agrees with the
surface gravity computed from the metric.

* For near-extremal black holes, 5 ~m/& and AB ~ d;/mé&3

- 11/2
* Demanding A < = ¢ > ]
m

1
2
Mg,

implies

* Again imposing p <
K

§ > kKmy

which we can still take parametrically small, since my < mp;



New positivity

bounds




General bounds

Total black hole entropy shift:

Entropy bound AS > 0 implies

e o= d -+ ddy s dy + ddy + 2

Coefficients are required to satisfy this bound for all values of £ € (0,1/2)

Each value of ¢ gives a linearly independent bound



| —
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-
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Allowed region in dy-ds-dg space:




General bounds

Another visualization of the excluded regions:

10_‘

dg/d3
o
—dg/d3




The Weak Gravity Conjecture

In £ < 1 (near-extremal) limit, the bound becomes

do > 0

How is this connected to the Weak Gravity Conjecture?

* |n Einstein-Maxwell theory + higher-curvature terms, the extra operators modify
the allowed black hole charges

* Original, unperturbed extremality condition is 7z = % =1

* New extremality valueis z =1+ Az

* Compute by imposing horizon condition:

Ay — Ag(gj z)




The Weak Gravity Conjecture

In £ < 1 (near-extremal) limit, the bound becomes

How is this connected to the Weak Gravity Conjecture?

* Direct computation:

Same combination of coefficients

* Since Az grows as the BH gets smaller, extremal BHs can keep on decaying to
yet lighter extremal black holes until they reach the scale of the UV completion.




The Weak Gravity Conjecture

large
small black holes
black holes

classical GR

m

* Since Az grows as the BH gets smaller, extremal BHs can keep on decaying to
yet lighter extremal black holes until they reach the scale of the UV completion.



Entropy, area, and extremity

Consistency of black hole entropy proves the Weak Gravity Conjecture.

Why did the same combination of coefficients dy appear?

0=g(p,2) = §(5,2) + Ag(5,2) + Ap G (5. %) + Az 0:5(7. %)
* For near-extremal BH with ¢, m fixed, Az =0, so Ap = —-Ag/05g

* For exactly extremal BH with free charge and mass, Az = —Ag/0zg
* Since radial component of metric is spacelike, 059 > 0

* Metric dictates gravitational potential, which decreases with m, so 9;g > 0
so Ap and Az have the same sign

* Near-extremal entropy shift is dominated by horizon shift, so

AS ~ Ap~Az>0



Generalized Weak Gravity Conjecture

This logic generalizes to theories with multiple Abelian gauge fields:

Define vector z in charge-to-mass ratio space
All possible large BH states = unit ball

Generalized WGC: unit ball € convex hull of lighter states cheung, GNR [1402.2287]

consistent with WGC inconsistent with WGC

Z




Generalized Weak Gravity Conjecture

This logic generalizes to theories with multiple Abelian gauge fields:

Define vector z in charge-to-mass ratio space
All possible large BH states = unit ball

Generalized WGC: unit ball C convex hull of lighter states

Metric only depends on Zz = |z|, so earlier argument applies,
using Az = Az - z/|z|, and implying

Ap>0 < Az-z>0

Thus, for finite-mass, charged BH, the unit ball expands in all directions.



Generalized Weak Gravity Conjecture

This logic generalizes to theories with multiple Abelian gauge fields:

Define vector z in charge-to-mass ratio space
All possible large BH states = unit ball

Generalized WGC: unit ball C convex hull of lighter states

Metric only depends on Zz = |z|, so earlier argument applies,
using Az = Az - z/|z|, and implying

Ap>0 < Az-z>0

Thus, for finite-mass, charged BH, the unit ball expands in all directions.

Consistency of black hole entropy proves the
generalized Weak Gravity Conjecture.



Generalization to

arbitrary dimension




Unperturbed solution

The Reissner-Nordstrom black hole: ;

outer horizon

Static, spherically-symmetric metric:

- ~ 1
ds® = g, datdr” = —f(r)dt® + ﬁdﬁ +7r2dQh_,
g\r
Unperturbed components:
~ - 2k° M 22
fr) =5 =1- 5 E o~

(D —2)Qp_orP=3 (D —2)(D — 3)Q%_,r2(P=3)
Field strength:
=~ Q
F =
QD_Q?“

5 dt Adr



Unperturbed solution

The Reissner-Nordstrom black hole:

Convenient units:
KZM
(D —2)Q2p_s
_ K
ERV(CEDGEEE

T =

outer horizon

Redefined radial coordinate: Outer (event) horizon:
r=rP3 T =Y
Unperturbed components: Y =m+/m2—¢2
~ . 2m q2 _
f(r)=g(r) T
Field strength: Extremality condition:
Fe— 9  gindr L <




Unperturbed solution

The Reissner-Nordstrom black hole:

Convenient units:
KZM
(D —2)Q2p_s
_ K
ERV(CEDGEEE

T =

outer horizon

Thermodynamic stability

Redefined radial coordinate: (positive specific heat)
=77 requires:
Unperturbed components: a V2D —5
j m = D—2
f(r)_N(T)—1—2—m+q_
p— g — " x2 H

Field strength: A

F <

I = © dt Adr § D5




Perturbed charged black hole metric

Inversion of the Ricci tensor works the same as before:

2k M 22 o0
— 1 — _ d D_2Tt
9(r) (D —2)Qp_orP—3 (D — 2)7D-3 / nr t

) =gryew | o5 [ ar et - 1|

Again, compute corrections to metric by treating higher-order terms as
perturbations AT,

We find:

2m  q?

2 8
q
g(r) =1- T + ? 2(2D —5) S Ja’i(x)ci
r P=3 =1




Perturbed charged black hole metric

2 qz q2 8
g(rr) =1- ? + ? T 2(2D—5) S:a’i(x)ci
T D—3 i—=1
where ( )( ) > 47D s
D —3) (D —4) [ 13D? — +40 5
— ) —8(3D -5 16(D — 2
Qi D_ 9 [ 3D _ 7 q ( Jyma + 16( )z
D —3|8D% —55D*+ 117D — 76 5
—9 —4(2D? — 10D + 11
a2 D—2[ 3D — 7 7 — A4 + 11)ma
+2(3D — 10)(D — 2)z?
— 4 —2(4D? — 17D + 16
a3 DQ[ 3D 7 7 — 2 +16)ma

-+&D—zxp—3n2—mD-axD—4f€?1
7D — 13)(D — 2)
3D — 7

ay =4(D — 3) [( ¢ —2(3D — 5)max + 4(D — 2):132]



Perturbed charged black hole metric

om ¢ ¢ 8
g(rr) =1- ? + ? T T 2(2D-5) S:a’i(x)ci
T D—3 i=1
where ]
5D —9)(D — 2
as = 2(D — 3) ( ) )q2 —2(2D — 3)mzx + 3(D — 2)2*
I 3D — 7
- (D — 2)?
ag = 4(D — 3) 4( ) q¢° — (3D — 5)mz + 2(D — 2)2?
- 3D -7
D —2)(D — 3)?
g D=2 =3 ,

3D — 7
(D—2)(D—3)°
3D — 7




Calculation of entropy

As in D = 4, split entropy shift into contributions from interactions in Wald
formula and from the shift in the horizon location:

~

AS=5—-5=A5+ ASqy

~ 0AL
ASI = —27A 5R,uypa Cuv€po

Guvy P

Direct calculation yields:

~ 2] —
ASI =S5 X 5 ( 3) D1 {4(D — 2)d3

mP=3(1+ )P
—2(1 —§) [(D —4)dy + (D — 3)da +2(2D — 5)d3 + (D — 2) <d4 t %dB +d6>] }




Calculation of entropy

As in D = 4, split entropy shift into contributions from interactions in Wald
formula and from the shift in the horizon location:

~

AS=5—-5=A5+ ASqy

oL ~ 2TAA

€€
uvCpo 2
O Rpwpo Guip N

ASy = —21AA

where
D —2)Qp_oxAg(p)

AA=A—A=(D-2)Qp_spP3A z—( = =~
D2 5(7) /0%




Calculation of entropy

As in D = 4, split entropy shift into contributions from interactions in Wald
formula and from the shift in the horizon location:

~

AS=5—-5=A5+ ASqy

Direct calculation yields:

ASy =5 X 21 __x
(3D —7T)mD—3£(1 + €) D=3
x {di(1 —&)(D —3)(D —4)[(11D — 24)¢ + D — 4]
+da(1 — &) (D — 3)[(10D* — 53D + 68)¢ +2D* — 11D + 16]
+ 2d3[— (16 D° — 128D? + 337D — 292)(1 — £)°
+2(3D — 7)(4D* — 23D + 32)(1 — ¢)
—2(D—2)(D —4)(3D = 7)]
+2d4(1 — €)(D — 2)(D — 3)[5(D — 2)é + D — 4]
+2(ds + dg)(D — 2)(D — 3)(1 — &)[2(D — 2)¢ + D — 3]
+2(2d7 +ds)(D — 2)*(D - 3)(1 - £)*}




Near-extremal limit

Note that ASy diverges in the strict £ — 0 limit
Physical origin: inner and outer horizons degenerate, so dg(p)/0p = 0

How small can we consistently take £ ?

d;|

* Demanding AS< S = £¢> ——
m D—3

* Can make this bound arbitrarily small by making BH arbitrarily large

e But recall that for wave function renormalization to be subdominant, we

required: |
P D/
1 /<;me
e Since d; ~ Y the bound on & becomes
@
£> KPmy ~?

which can be made parametrically small for weakly coupled theories (my < mp)



Near-extremal limit

Note that ASy diverges in the strict £ — 0 limit
Physical origin: inner and outer horizons degenerate, so dg(p)/0p =0
Further test: What about the temperature?

* We've checked that s = 9,,5 for the perturbed black hole agrees with the
surface gravity computed from the metric.

1 D—2
: ~ 2 D-3(] D—3
* Background inverse temperature: 8 = nm D (_ ;)5)

* Inverse temperature shift for near-extremal BH: Ag ~ d;/¢3m!/(P~=3)
| 7:|1/2

* Demanding A3 <« E — &> :
mD—S

* Again imposing p <

D73 implies
Km¢

(D—2)/2
&> KM g

which we can still take parametrically small, since my < mp;



New positivity bounds

Total black hole entropy shift:




General bounds

Entropy bound AS > 0 implies

where

D

Coefficients are required to satisfy this bound for all values of £ € (O, —:2)

w

Each value of £ gives a linearly independent bound



New positivity bounds

As before, taking the near-extremal (¢ < 1) limit implies

The shift in extremality condition of the black hole in D dimensions is

same combination of coefficients

Again, we find:




Examples and

consistency checks




Field redefinition invariance

Any physical observable should be invariant under a reparameterization of
the field variables, e.g.,

Juv = Guv T 5g,u/ = gy + 11 R, + 129, R+ 7“3/432F’upFVp + T4li2guprnga

1 1
This has the effect of shifting the action, 0L = ﬁdgﬂ” (RW — §ng/ — RQTW)

which has the net effect of shifting the higher-dimension operator

coefficients:

1 D —2 1 1
dlédl_zrl_ 1 T9 d5%d5—§7“1—|—§7“3

1
dz%dg—l—grl d6%d6

1 D —4

ds — d3 d7—>d7—|—§7“3—|- 3 T4

1 D —4 1 D -2 1
dqg — dy + =11 + To — —T3 — Ta d8—>d8—§7“3

8 8 4 4



Field redefinition invariance

There are four combinations of higher-dimension operator coefficients that
are invariant under this transformation:

1 1
do = Z(D —3)(D —4)%d; + Z(D —3)(2D? — 11D + 16)d>

1
+ = (2D — 16D?* + 45D — 44)ds + §(D —2)(D — 3)(D — 4)dy4

_|_

N = N -

(D= 9)(D — 3)2(ds + ds) + (D — 2)%(D — 3 (d7 ' %d)
ds3

dg
dg = do + ds + dg

The total entropy shift AS, and hence our bounds, are built out of dy, ds, dg,
and hence are field redefinition invariant.



Concrete examples

1. Only photon self-interactions (d7 g). Our bound becomes simply 2d; + dg > 0.

When we compute the four-photon scattering amplitude and apply the
analyticity arguments of Adams et al. [hep-th/0602178], we find that different choices of

photon polarizations give 2d; 4+ dg > 0 and dg > 0, so this is consistent.

2. Scalar completion:

1 1 v a¢ v 1 L 9 9
L=o5R—7FuF" + (;R + bk Fy P ) 6 — SVudV"S — smio
generates 1
2 2
d; = S X {a4,0,0,2a4b4,0,0,b3,0}
SO ¢
D —3
do = = [(D — 4)ag +2(D — 2)by]* > 0
8m¢
3. Low-energy description of the heterotic string: Kats, Motl, Padi [hep-th/0606100]; Gross, Sloan (1987)
/
d; = % x {4, -16,4,0,0,0, 3,12}

Our bound then becomes (6D% — 30D +37)é2 +2(D —2)é +2D — 5> 0,
which is satisfied for all £ € (0,1) and D > 3.



Discussion and

conclusions




Discussion

In this work, we relied on a universal notion of thermodynamic entropy:
AS > 0 when more microstates are added to a system of a given macrostate,
which we proved for tree-level completions in QFT

Applying this logic to the system of charged black holes, we can compare the
Wald and Bekenstein-Hawking entropy in the Einstein-Maxwell EFT

Imposing the entropy bound requires positivity of various combinations of higher-
dimension operator couplings R? RF? and F*, producing a family of bounds
labeled by ¢

For a near-extremal BH, these bounds imply positivity of the same combination
of coefficients that also guarantees a positive correction to the extremality bound
for BHs in the EFT

Thus, consistency of BH entropy proves the WGC

Generalizes to multiple gauge fields and arbitrary dimension



Future directions

Can other swampland program bounds be derived using black hole entropy?
* Broader class of theories, e.g., Einstein-dilaton gravity
* Other metrics: (A)dS-black hole, non-spherical metrics, etc.
More broadly, understand the relationship between entropy bounds and bounds
from analyticity, unitarity, and causality
* Positivity of entropy shifts comes from UV state-counting, reminiscent of
bounds from dispersion relations and spectral representations

Extended versions of the WGC?

Much work remains in separating the swampland from the landscape
and new tools continue to be discovered



