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100 years of gravitational radiation [Einstein 1916]

⇐= small perturbation of
Minkowski’s metric
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100 years of gravitational radiation [Einstein 1918]

Einstein's quadrupole formula
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100 years of gravitational radiation [Einstein 1918]

factor 1/80 should be 1/40

Einstein's quadrupole formula
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Quadrupole moment formalism [Einstein 1918; Landau & Lifchitz 1947]

1 First quadrupole formula

hTT
ij =

2G

c4D

{
d2Qij

dt2

(
t− D

c

)
+O

(v
c

)}TT

+O
(

1

D2

)
2 Einstein quadrupole formula

(
dE

dt

)GW

=
G

5c5

{
d3Qij

dt3
d3Qij

dt3
+O

(v
c

)2}
3 Radiation reaction formula [Chandrasekhar & Esposito 1970; Burke & Thorne 1970]

F reac
i = − 2G

5c5
ρ xj

d5Qij
dt5

+O
(v
c

)7
which is a 2.5PN ∼ (v/c)5 effect in the source’s equations of motion
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The binary pulsar PSR 1913+16 [Hulse & Taylor 1974]

The pulsar PSR 1913+16 is a rapidly rotating neutron star emitting radio
waves like a lighthouse toward the Earth

This pulsar moves on a (quasi-)Keplerian close orbit around an unseen
companion, probably another neutron star
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The orbital decay of the binary pulsar [Taylor & Weisberg 1982]

Ṗ = −192π

5c5
ν

(
2πGM

P

)5/3 1 + 73
24e

2 + 37
96e

4

(1− e2)7/2
≈ −2.4× 10−12

[Peters & Mathews 1963; Esposito & Harrison 1975; Wagoner 1975; Damour & Deruelle 1983]
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Relativistic effects in binary pulsars [e.g. Stairs 2003]

1PN order

 ω̇ relativistic advance of periastron
γ gravitational red-shift and second-order Doppler effect
r and s range and shape of the Shapiro time delay

2.5PN order
{
Ṗ secular decrease of orbital period
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Number of merging neutron star binaries [Kalogera et al. 2004]
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Number of merging neutron star binaries [Kalogera et al. 2004]

  between 2 and 200 events 
per year for advanced LIGO
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Formation of black hole binaries [Postnov & Yungelson 2006]
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Number of merging black hole binaries [Belczynski et al. 2014]

0 10 20 30 40 50 60 70 80 90 100 110

LIGO/VIRGO UPPER LIMITS

MODELS A

MODELS B

STANDARD
EVOLUTION:

Luc Blanchet (GRεCO) GW and Motion in GR Journés GRAM 9 / 33



Number of merging black hole binaries [Belczynski et al. 2014]
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Binary black-hole event GW150914 [LIGO/VIRGO collaboration 2016]
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Binary black-hole event GW150914 [LIGO/VIRGO collaboration 2016]
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Binary black-hole event GW150914 [LIGO/VIRGO collaboration 2016]

GW

~ 2000 kmmerger
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The quadrupole formula works for GW150914

1 The GW frequency is given in terms of the chirp mass M = µ3/5M2/5 by

f =
1

π

[
256

5

GM5/3

c5
(tf − t)

]−3/8
2 Therefore the chirp mass is directly measured as

M =

[
5

96

c5

Gπ8/3
f−11/3ḟ

]3/5
which gives M = 30M� thus M > 70M�

3 The GW amplitude is predicted to be

heff ∼ 4.1× 10−22
(M
M�

)5/6(
100 Mpc

D

)(
100 Hz

fmerger

)−1/6
∼ 1.6× 10−21

4 The distance D = 400 Mpc is measured from the signal itself
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Masses & spin measurements [LIGO/VIRGO collaboration 2016]
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Total energy radiated by GW150914
1 The ADM energy of space-time is constant and reads (at any t)

EADM = (m1 +m2)c2 − Gm1m2

2r
+

G

5c5

∫ t

−∞
dt′
(
Q

(3)
ij

)2
(t′)

2 Initially EADM = (m1 +m2)c2 while finally (at time tf)

EADM = Mfc
2 +

G

5c5

∫ tf

−∞
dt′
(
Q

(3)
ij

)2
(t′)

3 The total energy radiated in GW is

∆EGW =
G

5c5

∫ tf

−∞
dt′
(
Q

(3)
ij

)2
(t′) =

Gm1m2

2rf

4 The measured power released is

PGW ∼ 3M�c
2

0.2 s
∼ 1055 erg/s ∼ 10−4

c5

G
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Multi-band gravitational wave astronomy [Sesana 2016]
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The 1PN equations of motion [Lorentz & Droste 1917]

Obtain the equations of motion of N bodies at the 1PN ∼ (v/c)2 order and
even derive the 1PN Lagrangian!

This work published in Dutch has been largely unrecognized untill an English
translation was published in 1937
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The 1PN equations of motion [Einstein, Infeld & Hoffmann 1938]

d2rA
dt2

= −
∑
B 6=A

GmB

r2AB
nAB

[
1− 4

∑
C 6=A

GmC

c2rAC
−
∑
D 6=B

GmD

c2rBD

(
1− rAB · rBD

r2BD

)

+
1

c2

(
v2
A + 2v2

B − 4vA · vB −
3

2
(vB · nAB)2

)]
+
∑
B 6=A

GmB

c2r2AB
vAB [nAB · (3vB − 4vA)]− 7

2

∑
B 6=A

∑
D 6=B

G2mBmD

c2rABr3BD
nBD
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Methods to compute GW templates
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Methods to compute GW templates
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Methods to compute GW templates
[Buonanno & Damour 1998]
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Inspiralling binaries require high-order PN modelling
[Caltech “3mn paper” 1992; Blanchet & Schäfer 1993]

 m 1

2m

observer

orbital plane

i

φ(t) = φ0−
M

µ

(
GMω

c3

)−5/3
︸ ︷︷ ︸

quadrupole formalism

{
1 +

1PN

c2
+

1.5PN

c3
+ · · ·+ 3PN

c6
+ · · ·︸ ︷︷ ︸

needs to be computed with 3PN precision at least

}

Here 3PN means 5.5PN as a radiation reaction effect !
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The intermediate binary black hole problem

An alternative solution is to extend the region of validity of the PN
approximation by using Padé approximants [Damour, Iyer & Sathyaprakash 1998]

However the accuracy of the PN approximation for comparable masses turned
out to be very good rather far into the strong field region [Blanchet 2001]
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The gravitational chirp of compact binaries

merger phase

inspiralling phase
post-Newtonian theory

numerical relativity

ringdown phase
perturbation theory

Effective methods such as EOB that interpolate between the PN and NR are very
important notably for the data analysis
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Breakthrough of numerical relativity
[Pretorius 2005; Baker et al. 2006; Campanelli et al. 2006]
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Isolated matter system in general relativity

wave zone
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t
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Isolated matter system in general relativity

wave zone

x
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F
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The MPM-PN formalism
[Blanchet & Damour 1986, 1988, 1992; Blanchet 1987, 1993, 1998]

A multipolar post-Minkowskian (MPM) expansion in the exterior zone is matched
to a general post-Newtonian (PN) expansion in the near zone

near zone

PN source

wave zone

exterior zone
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The MPM-PN formalism
[Blanchet & Damour 1986, 1988, 1992; Blanchet 1987, 1993, 1998]

A multipolar post-Minkowskian (MPM) expansion in the exterior zone is matched
to a general post-Newtonian (PN) expansion in the near zone

near zone

PN source

wave zone

matching zone

exterior zone
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Radiative moments at future null infinity

Correct for the logarithmic deviation of retarded time in harmonic coordinates
with respect to the actual null coordinate

T − R

c︸ ︷︷ ︸
radiative coordinates

= t− r

c︸ ︷︷ ︸
harmonic coordinates

− 2GM

c3
ln

(
r

cτ0

)
+O

(
1

r

)

Asymptotic waveform is parametrized by radiative moments UL and VL [Thorne 1980]

hTT
ij =

1

R

∞∑
`=2

NL−2 UijL−2(T −R/c)︸ ︷︷ ︸
mass-type

+εab(iNaL−1 Vj)bL−2(T −R/c)︸ ︷︷ ︸
current-type

+O
(

1

R2

)
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The radiative quadrupole moment

Uij(t) = M
(2)
ij (t) +

2GM

c3

∫ +∞

0

dτM
(4)
ij (t− τ)

[
ln

(
τ

2τ0

)
+

11

12

]
︸ ︷︷ ︸

1.5PN tail integral

+
G

c5

{
−2

7

∫ +∞

0

dτM
(3)
a<iM

(3)
j>a(t− τ)︸ ︷︷ ︸

2.5PN memory integral

+instantaneous terms

}

+
2G2M2

c6

∫ +∞

0

dτM
(5)
ij (t− τ)

[
ln2

(
τ

2τ0

)
+

57

70
ln

(
τ

2τ0

)
+

124627

44100

]
︸ ︷︷ ︸

3PN tail-of-tail integral [Blanchet 1998]

+ O
(

1

c7

)
At 4.5PN order presence of a tail-of-tail-of-tail [Marchand, Blanchet & Faye, in progress]
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Dimensional self-field regularization

1 Einstein’s field equations are solved in d spatial dimensions (with d ∈ C) with
distributional sources. In Newtonian approximation

∆U = −4π
2(d− 2)

d− 1
Gρ

2 For two point-particles ρ = m1δ(d)(x− y1) +m2δ(d)(x− y2) we get

U(x, t) =
2(d− 2)k

d− 1

(
Gm1

|x− y1|d−2
+

Gm2

|x− y2|d−2
)

with k =
Γ
(
d−2
2

)
π

d−2
2

3 Computations are performed when <(d) is a large negative number, and the
result is analytically continued for any d ∈ C except for isolated poles

4 Dimensional regularization is then followed by a renormalization of the
worldline of the particles so as to absorb the poles ∝ (d− 3)−1
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Checking the PN machinery with GSF
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Looking at the conservative part of the dynamics

K
K K1

u
1



 

particle's trajectories

light cylinder

uµ1 = ut1K
µ where ut1 =

1

z1
=

(
− (gµν)1︸ ︷︷ ︸

regularized metric

vµ1 v
ν
1

c2

)−1/2
[Detweiler 2008]
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Standard PN theory agrees with GSF calculations

utSF = −y − 2y2 − 5y3 +

(
−121

3
+

41

32
π2

)
y4

+

(
−1157

15
+

677

512
π2 − 128

5
γE −

64

5
ln(16y)

)
y5

−956

105
y6 ln y−13696π

525
y13/2 − 51256

567
y7 ln y +

81077π

3675
y15/2

+
27392

525
y8 ln2 y +

82561159π

467775
y17/2 − 27016

2205
y9 ln2 y

− 11723776π

55125
y19/2 ln y − 4027582708

9823275
y10 ln2 y

+
99186502π

1157625
y21/2 ln y +

23447552

165375
y11 ln3 y + · · ·

Integral PN terms such as 3PN permit checking dimensional regularization
[Blanchet, Detweiler, Le Tiec & Whiting 2010]

Half-integral PN terms starting at 5.5PN order permit checking the
non-linear tail (and tail-of-tail) terms [Blanchet, Faye & Whiting 2014]
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4PN equations of motion of compact binaries

dvi1
dt

=− Gm2

r212
ni12

+

1PN Lorentz-Droste-Einstein-Infeld-Hoffmann term︷ ︸︸ ︷
1

c2

{[
5G2m1m2

r312
+

4G2m2
2

r312
+ · · ·

]
ni12 + · · ·

}
+

1

c4
[· · · ]︸ ︷︷ ︸

2PN

+
1

c5
[· · · ]︸ ︷︷ ︸

2.5PN
radiation reaction

+
1

c6
[· · · ]︸ ︷︷ ︸

3PN

+
1

c7
[· · · ]︸ ︷︷ ︸

3.5PN
radiation reaction

+
1

c8
[· · · ]︸ ︷︷ ︸

4PN
conservative & radiation tail

+O
(

1

c9

)

2PN


[Otha, Okamura, Kimura & Hiida 1973, 1974; Damour & Schäfer 1985]

[Damour & Deruelle 1981; Damour 1983]

[Kopeikin 1985; Grishchuk & Kopeikin 1986]

[Blanchet, Faye & Ponsot 1998]

[Itoh, Futamase & Asada 2001]

ADM Hamiltonian

Harmonic coordinates

Extended fluid balls

Direct PN iteration

Surface integral method
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4PN equations of motion of compact binaries

dvi1
dt

=− Gm2

r212
ni12

+

1PN Lorentz-Droste-Einstein-Infeld-Hoffmann term︷ ︸︸ ︷
1

c2

{[
5G2m1m2

r312
+

4G2m2
2

r312
+ · · ·

]
ni12 + · · ·

}
+

1

c4
[· · · ]︸ ︷︷ ︸

2PN

+
1

c5
[· · · ]︸ ︷︷ ︸

2.5PN
radiation reaction

+
1

c6
[· · · ]︸ ︷︷ ︸

3PN

+
1

c7
[· · · ]︸ ︷︷ ︸

3.5PN
radiation reaction

+
1

c8
[· · · ]︸ ︷︷ ︸

4PN
conservative & radiation tail

+O
(

1

c9

)

3PN


[Jaranowski & Schäfer 1999; Damour, Jaranowski & Schäfer 2001]

[Blanchet & Faye 2000; de Andrade, Blanchet & Faye 2001]

[Itoh & Futamase 2003; Itoh 2004]

[Foffa & Sturani 2011]

ADM Hamiltonian

Harmonic equations of motion

Surface integral method

Effective field theory

4PN

{
[Jaranowski & Schäfer 2013; Damour, Jaranowski & Schäfer 2014]

[Bernard, Blanchet, Bohé, Faye & Marsat 2015]

ADM Hamiltonian

Fokker Lagrangian
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3.5PN energy flux of compact binaries
[BDIWW 1995; B 1996, 1998; BFIJ 2002; BDEI 2006]

F =
32c5

5G
ν2x5

{
1 +

1PN︷ ︸︸ ︷(
−1247

336
− 35

12
ν

)
x+

1.5PN tail︷ ︸︸ ︷
4πx3/2

+

(
−44711

9072
+

9271

504
ν +

65

18
ν2
)
x2 +

2.5PN tail︷ ︸︸ ︷(
−8191

672
− 583

24
ν

)
πx5/2

+

[
6643739519

69854400
+

3PN tail-of-tail︷ ︸︸ ︷
16

3
π2 − 1712

105
γE −

856

105
ln(16x)

+

(
−134543

7776
+

41

48
π2

)
ν − 94403

3024
ν2 − 775

324
ν3
]
x3

+

(
−16285

504
+

214745

1728
ν +

193385

3024
ν2
)
πx7/2︸ ︷︷ ︸

3.5PN tail

+O
(

1

c8

)}
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+
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+
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48
π2
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+

(
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Bounds on PN parameters with GW150914
[LIGO/VIRGO collaboration 2016]

0PN 0.5PN 1PN 1.5PN 2PN 2.5PN 3PN 3.5PN
PN order
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